Abstract. In this paper, the authors obtain some properties for Tauber's generalized Stirling and Lah numbers, including other forms of recurrence relations, orthogonality and inverse relations, rational generating function and explicit formula in symmetric function form. Moreover, the authors derive a new explicit formula, which is analogous to the Qi formula.
Introduction
The nth Bell numbers, denoted by B n , are known by their combinatorial interpretation as the number of ways to partition an n-set. This interpretation is based on the definition of Bell numbers as the sum of the classical Stirling numbers of the second kind [2] . That is,
where n k denotes the Stirling numbers of the second kind (the Karamata-Knuth notation), which can be interpreted as the number of ways to partition an n-set into k nonempty subsets. The Bell numbers were expressed by Spivey [5] as
The above formula was proven combinatorially by considering another way of counting the number of ways to partition the set with m + n objects.
Recently, Feng Qi [4] established a new explicit formula for Bell numbers, which is expressed in terms of Stirling numbers of the second kind n k and Lah numbers L(n, k).
The formula is given by
which may be referred to as the Qi formula for Bell numbers. The formula has been derived in two ways:
• using Faa di Bruno's formula and the formula for the n-th derivative of e 1 x containing Lah numbers [3, 9] ;
• using the inverse relation for the classical Stirling numbers of the first and second kind.
These methods have been applied to obtain new explicit formula for different generalizations of Stirling numbers.
Certain generalization of Stirling numbers was introduced by S. Tauber [6] [7] [8] as the coefficients C m k,n and D m k,n of the following expansions of the given two sequences of polynomials Q 1 (x, n) and Q 2 (x, n) for n = 0, 1, 2, . . .,
for k=1, 2. Also, these numbers are equal to zero if n < m, m < 0, n < 0. These generalized Stirling numbers of the first and second kind on Q-polynomials satisfy the following triangular recurrence relations in [8] ,
where M and N are two functions of the variable n, such that M (0) = 0 and for n a positive integer or zero N (0) = 0. In the paper [6] of Tauber, a generalization of Lah numbers L m k,h,n was introduced as the coefficient of the following relation,
for two sequences of polynomials Q k and Q h where k = h, and k, h ∈ {1, 2}. These numbers satisfy the following triangular recurrence relation,
where M k (n) and N k (n) are the subscripted version of the functions M (n) and N (n) that correspond to Q k (x, n). Furthermore, the generalized Lah numbers L m k,h,n have been expressed in terms of generalized Stirling numbers of the first kind and the second kind as follows
The generalized Bell numbers, denoted by B h,n , may be defined as the sum of the generalized Stirling numbers of the second kind D m h,n ,
The Lah numbers can be defined as the coefficients of the following relations:
where (x) n is the falling factorial, defined by
where x (n) is the rising factorial, defined by (8) reduce to the ordinary Lah numbers L n,m in (12) and (13) for h = 1 and
Moreover, (4) and (5) give
where n k is the Karamata-Knuth notation for the unsigned Stirling numbers of the first kind.
The Whitney numbers of the first kind w α (n, m) and second kind W α (n, m) of Dowling lattices are defined in the paper of Benoumhani [1] as the coefficient of the following equations,
which can be written as
where α is a positive integer and (x|α) m = m−1 i=0 (x − iα). It can easily be shown that (4) and (5) yield equations (16) and (17), respectively. This implies that
From the definition of Whitney numbers, we may also define Whitney-Lah numbers denoted by L W n,m (α) as the coefficients of the following relations,
,n . Hence, with k = 2 and h = 1, (10) yields
The Dowling numbers, denoted by D n (α), can be defined as the sum of Whitney numbers of the second kind W α (n, m), i.e.
Using the inverse relation in (19), we have
Thus, the Dowling numbers equal
In this paper, we establish more properties of Tauber's generalized Stirling numbers as well as some properties of the generalized Bell numbers.
Some Recurrence Relations
Tauber's generalized Stirling numbers of the first and second kind and Tauber's generalized Lah numbers are known to have triangular recurrence relations. In this section, we establish other forms of recurrence relations for Tauber's generalized Stirling numbers of the first and second kind and Tauber's generalized Lah numbers. The following theorems contain the vertical recurrence relation. Theorem 2.1. Tauber's generalized Stirling numbers of the first kind C n m satisfy the following vertical recurrence relation,
where M (n + 1) = 1, M (n + 2) = 1.
Proof. From the triangular recurrence relation (6) , that is
By definition, the last term is equal to zero. Thus, 
Proof. From the triangular recurrence relation (7),
Continuing in this manner, By definition, the last term is equal to zero. Thus,
Theorem 2.3. Tauber's generalized Lah numbers L m k,h,n satisfy the following vertical recurrence relation,
where
Proof. From the triangular recurrence relation (9) , that is
Continuing in this manner,
By definition, the last term is equal to zero. Thus,
Some Explicit Formulas
Consider the generating function ψ m (t) for Tauber's generalized Stirling numbers of the second kind given by
where ψ 0 (t) = 1. Using the recurrence relation in (7), we have
Hence,
By backward substitution, we have
This result is stated formally in the following theorem.
Theorem 3.1. The rational generating function for Tauber's generalized Stirling numbers of the second kind is given by
.
As a consequence of this rational generating function, we have the following explicit formula in symmetric function form. 
Proof. Using the rational generating function in Theorem 3.1, we get
Comparing coefficients of t n completes the proof of the theorem.
One of the objectives of this study is to establish a new explicit formula for Tauber's generalized Bell numbers, which is analogous to the Qi formula. To derive the desired formula, we need to establish the following relations. Proof. Note that (5) can be written as
Substitute (28) into (4), then
Similarly, (4) can be written as
Substitute (29) into (5), then
Theorem 3.4. The Tauber's generalized Stirling numbers of the first and second kind are inverses,
Proof.
Theorem 3.5. The Bell numbers B h,n can be computed in terms of Tauber's generalized Lah and Stirling numbers of the second kind. That is,
Proof. From the inverse relation (31) of Tauber's generalized Stirling numbers of the first and second kind,
Consider ( 
where I n is the identity matrix of order n. That is, 
The matrix equation (38) is equivalent to equation (10).
